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Abstract: In this paper we initiate a classification of local metrics admitting the prin-
cipal Killing–Yano tensor with a skew-symmetric torsion. It is demonstrated that in such
spacetimes rank-2 Killing tensors occur naturally and mutually commute. We reduce the
classification problem to that of solving a set of partial differential equations, and we
present some solutions to these PDEs. In even dimensions, three types of local metrics are
obtained: one of them naturally generalizes the torsionless case while the others occur only
when the torsion is present. In odd dimensions, we obtain more varieties of local metrics.
The explicit metrics constructed in this paper are not the most general possible admitting
the required symmetry, nevertheless, it is demonstrated that they cover a wide variety of
solutions of various supergravities, such as the Kerr-Sen black holes of (un-)gauged abelian
heterotic supergravity, the Chong-Cvetic-Lu¨-Pope black hole solution of five-dimensional
minimal supergravity, or the Ka¨hler with torsion manifolds. The relation between gener-
alized Killing–Yano tensors and various torsion Killing spinors is also discussed.
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1 Introduction
Killing–Yano symmetry has played an important role in the study of black hole physics
since Penrose and Floyd discovered that in the Kerr spacetime a first integral of the geodesic
equation can be written as the square of a Killing–Yano tensor. Killing–Yano tensors were
first introduced from a purely mathematical point of view by Yano [1] and were later
generalized to conformal Killing–Yano tensors by Tachibana and Kashiwada [2, 3]. This
symmetry is responsible for many remarkable properties of the Kerr geometry. Namely, it
allows separation of variables for the Hamilton–Jacobi, Klein–Gordon, Dirac, and Maxwell
equations in the curved Kerr background; solution of parallel transport equations; inte-
gration of stationary strings and provides non-generic superinvariants for the supersym-
metric spinning particle in this background. Recently it was found that the existence of
Killing–Yano symmetry extends to many higher-dimensional vacuua solutions of Einstein’s
equations with cosmological constant describing rotating black holes with spherical horizon
topology [4–6]. Due to the Killing–Yano symmetry, these higher-dimensional spacetimes
possess similar integrability structures to the Kerr black hole, see, e.g., reviews [7–9] and
references therein.
Unfortunately, it turns out that the occurrence of standard Killing–Yano symmetry is
rather limited—it is restricted to “vacuum spacetimes” of special algebraic type. This, for
example, automatically disqualifies supergravity and string theory black hole solutions in
the presence of fluxes. This lead the authors of [10, 11] to introduce a notion of generalized
conformal Killing–Yano symmetry where, in the simplest case, one extends the definition
of Killing–Yano equations by considering the skew-symmetric torsion. Such generalized
symmetry naturally occurs in some higher-dimensional charged black hole spacetimes of
supergravity theories, while such spacetimes do not admit ordinary Killing–Yano symme-
tries [10, 12]. For example, the black hole spacetime of five-dimensional minimal gauged
supergravity admits a Killing–Yano tensor with torsion, provided the torsion is identified
with the Hodge dual of the Maxwell field: T = ∗F/√3. This symmetry was also found
in the Kerr–Sen black hole solution of effective string theory and its higher-dimensional
generalizations, after identifying T with the 3-form field strength H. In both cases, the gen-
eralized symmetry discovered in these spacetimes shares almost identical properties with
the standard Killing–Yano symmetry and implies the existence of important integrability
structures for these black hole solutions.
Geometry with generalized Killing–Yano symmetry is also related to the Ka¨hler geom-
etry studied by Apostolov, Calderbank and Gauduchon [13]. In their paper, these authors
introduced a notion of the Hamiltonian 2-form and obtained classification of all Ka¨hler met-
rics with such a tensor. These metrics can be also obtained as a BPS limit of Euclideanised
higher-dimensional black hole spacetimes [6, 14–20]. We shall show that the generalized
Killing–Yano symmetry arises on these Ka¨hler manifolds and that it is responsible for
separability of the Laplace operator therein.
More generally, Killing–Yano symmetry appears naturally when one studies first-order
symmetry operators of the Dirac operator with torsion [21]; it emerges as a subset of
necessary conditions for the existence of such an operator. Moreover, we shall show in this
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paper that, similar to the torsion-less case [22], various torsion Killing spinors give rise to
a tower of all possible rank conformal Killing–Yano forms with torsion. Recently, target
spaces of supersymmetric non-relativistic particles with torsion were classified with the
generalized Killing–Yano symmetry [23]—giving one more reason to study this generalized
symmetry.
In this paper, we attempt to classify spacetimes admitting a Killing–Yano tensor with
torsion. We derive explicit forms of the metrics and present some physically interesting
examples. When the torsion is absent, metrics with Killing–Yano symmetry were classified
in four dimensions [24, 25] and recently in higher dimensions [26–30]. It was shown in
[27, 28] that a vacuum solution admitting the principal Killing–Yano (PKY) tensor (for
definition see Sec. 2.2.) without torsion is uniquely given by the black hole metric found by
Chen, Lu¨ and Pope [6]. Thus, it is a natural task to attempt to classify spacetimes admit-
ting Killing–Yano symmetry when the torsion is present. In particular, we concentrate on
metrics admitting the generalized PKY tensor. These metrics are expected to provide an
ansatz for exact solutions of various supergravity theories [31]. Hence our study provides
an alternative to various approaches for finding new exact solutions, such as restricting to
spacetimes with a sufficient number of isometries, supersymmetric spacetimes, spacetimes
of special algebraic type, or spacetimes that can be written in a particular ansatz such as
the Kerr–Schild form.
Our strategy in classifying the metrics admitting the PKY tensor with torsion is to
construct a canonical set of coordinates. Since the PKY tensor is a non-degenerate 2-
form, it defines a canonical orthonormal frame at each point. Imposing that the 2-form
satisfies the generalized PKY equation we are able to locally relate the canonical frame to
a coordinate basis. In these coordinates many components of the torsion tensor vanish and
we are left with a system of nonlinear partial differential equations whose solution gives
rise to a metric admitting the PKY tensor with torsion. We are able to find large families
of solutions of these equations in all dimensions, however, so far we have not been able to
find an explicit general solution.
This paper is organized as follows: In Sec. 2, we start with a brief review of conformal
Killing–Yano tensors with torsion, introduce the notion of generalized PKY tensor, and
show that it generates the whole set of commuting rank-2 Killing tensors. Sec. 3 and 4
represent the main body of the paper where we classify metrics admitting the PKY tensor
with torsion. We demonstrate that there are three possible distinct types of metrics, which
we call type A, B, and C. Type A metrics can be regarded as a natural generalization
of black hole spacetimes and provide a unified description of several known solutions in
supergravity theories. Type B and C are exceptional metrics appearing only when the
torsion is present. In Sec. 5, we look for solutions of heterotic supergravity under the
ansatz of type A metrics. We find two types of solutions: higher-dimensional Kerr-Sen
black hole metrics and Ka¨hler with torsion (KT) metrics including Calabi–Yau with torsion
metrics. We believe that the latter are new. We also show that in five dimensions the
type A metric covers the Chong–Cvetic–Lu¨–Pope black hole solution of five-dimensional
minimal supergravity. Sec. 6 is devoted to discussion and conclusions. In App. A we
discuss the relation of generalized Killing–Yano tensors to various torsion Killing spinors,
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App. B collects information about the Bismut connection, and App. C gathers covariant
derivatives of the canonical frame.
2 Killing–Yano symmetry with torsion
2.1 Definition and basic properties
We start with a review of Killing–Yano symmetry with torsion, see also [10, 12]. Let T
be a 3-form on a D-dimensional Riemannian manifold (M,g) and {ea} be an orthonormal
frame, g(ea, eb) = δab. We define a connection ∇T by
∇TXY = ∇XY +
1
2
∑
a
T (X,Y, ea) ea , (2.1)
where X and Y are vector fields and ∇ is the Levi-Civita connection. This connection
satisfies a metricity condition, ∇Tg = 0, and has the same geodesics as ∇, ∇Tγ˙ γ˙ = ∇γ˙ γ˙ = 0
for a geodesic γ. The connection 1-form ωT ab is introduced by
∇Teaeb =
∑
c
ωT cb(ea) ec , (2.2)
which satisfies
dea +
∑
b
ωT ab ∧ eb = T a (2.3)
where Ta(X,Y ) = T (ea,X, Y ).
For a p-form Ψ a covariant derivative is calculated as
∇TXΨ = ∇XΨ−
1
2
∑
a
(X−| ea−| T ) ∧ (ea−|Ψ) , (2.4)
where the operator −| represents the inner product. Then, we have
dTΨ =
∑
a
ea ∧ ∇TeaΨ
=dΨ−
∑
a
(ea−| T ) ∧ (ea−|Ψ) , (2.5)
δTΨ =−
∑
a
ea−|∇TeaΨ
=δΨ− 1
2
∑
a,b
(ea−| eb−| T ) ∧ (ea−| eb−|Ψ) . (2.6)
For Ψ = T one has δTT = δT .
A generalized conformal Killing–Yano (GCKY) tensor k introduced in [10] is a p-form
satisfying for any vector field X the following equation:
∇TXk =
1
p+ 1
X−| d
T k − 1
D − p+ 1X
♭ ∧ δT k , (2.7)
– 4 –
where X♭ is a dual 1-form of X. We call a GCKY tensor f obeying δT f = 0 a generalized
Killing–Yano tensor, and a GCKY tensor h obeying dTh = 0 a dT-closed GCKY tensor.
We can see the GCKY equation as arising from representation theory considerations in
the bundle of forms, cf. [22, 32]. In general for a Riemannian manifold, one can decompose
T ∗M ⊗ ΛpT ∗M as an O(n) representation as follows
T ∗M ⊗ ΛpT ∗M ∼= Λp+1T ∗M ⊕ Λp−1T ∗M ⊕ Λp,1T ∗M (2.8)
where Λp,1T ∗M consists of those elements α⊗ψ of T ∗M⊗ΛpT ∗M which satisfy α∧ψ = 0,
α♯−| ψ = 0. Applying this to ∇Tk, one identifies the projection into Λp+1T ∗M as dTk and
the projection into Λp−1T ∗M as δT k, up to multiples. The generalized conformal Killing–
Yano equation expresses the requirement that the component of ∇Tk transforming in the
Λp,1T ∗M representation vanishes. The generalized Killing–Yano (dT-closed GCKY) equa-
tion further requires that the component transforming in the Λp−1T ∗M (resp. Λp+1T ∗M)
vanishes. For this reason, we see that the existence of these tensors is closely tied to the
underlying Riemannian geometry.
It is demonstrated in App. A that GCKY tensors arise naturally from corresponding
torsion Killing spinors. For further general properties of these tensors we refer the reader
to the paper [12].
2.2 Generalized PKY tensor
In what follows, we assume that (M,g) admits a non-degenerate rank-2 dT-closed GCKY
tensor h obeying
∇TXh = X♭ ∧ ξ , (2.9)
where
ξ = − 1
D − 1δ
Th (2.10)
is called an associated 1-form of h. The terminology “non-degenerate” means that the rank
of h as a (1,1)-tensor is maximal at all points ofM and that its eigenvalues are functionally
independent. We call a non-degenerate rank-2 dT-closed GCKY tensor a principal Killing–
Yano (PKY) tensor with torsion, or equivalently, a generalized PKY tensor. Our aim is to
classify spacetimes admitting this tensor.
In order to distinguish between even and odd dimensions we setD = 2n+ε, where ε = 0
for even dimensions or ε = 1 for odd dimensions, and introduce a Darboux frame; {ea} =
{eµ, eµ+n = eµˆ} (µ = 1, · · · , n) in even dimensions and {ea} = {eµ, eµ+n = eµˆ, e2n+1 = e0}
in odd dimensions in which the metric and the PKY tensor are written in the form (see,
e.g., [7] for the construction of this frame)
g =
n∑
µ=1
(eµ ⊗ eµ + eµˆ ⊗ eµˆ) + ε e0 ⊗ e0 , (2.11)
h =
n∑
µ=1
xµ e
µ ∧ eµˆ . (2.12)
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Since there are still degrees of freedom under the rotation in each (eµ, eµˆ)-plane, we fix the
orthonormal frame by taking the form of ξ as, cf. [27, 29],
ξ =
n∑
µ=1
√
Qµ e
µˆ + ε
√
Q0 e
0 , (2.13)
where Qµ and Q0 are unknown functions. This fully fixed orthonormal frame is called a
canonical frame. It follows from non-degeneracy of h that Qµ 6= 0. Although there is no
reason why also the function Q0 must be non-zero, we hereafter assume Q0 6= 0.
Our task is to classify spacetimes with the generalized PKY tensor. This means that
we have to determine not only all the possible metrics but also all the admissible torsions
compatible with Eq. (2.9) and the non-degeneracy of the PKY tensor. We will see in Sec. 3,
that these requirements imply that many of the components of the torsion 3-form in the
canonical frame must vanish. More precisely, we obtain the following lemma:
Lemma 2.1 With respect to the canonical frame {ea}, the torsion 3-form T obeying (2.9)
has only µµˆνˆ-components (µ 6= ν) in even dimensions while the other components are
vanishing. In odd dimensions, the µµˆ0-components may also be non-zero. That is, the
torsion 3-form in D = 2n+ ε dimensions takes the form
T =
n∑
µ=1
∑
ν 6=µ
Tµµˆνˆ e
µ ∧ eµˆ ∧ eνˆ + ε
n∑
µ=1
Tµµˆ0 e
µ ∧ eµˆ ∧ e0 . (2.14)
As an immediate consequence of this lemma we infer the following: Since h is dT-closed,
we have
dh =
∑
a
(ea−| T ) ∧ (ea−| h) . (2.15)
Hence, by substituting (2.12) and (2.14) into (2.15), we obtain a relation between the PKY
tensor and the torsion 3-form,
dh = −
n∑
µ=1
∑
ν 6=µ
xµTννˆµˆ e
ν ∧ eνˆ ∧ eµ . (2.16)
This means that when in addition we require the PKY tensor to be closed, dh = 0, then in
even dimensions the torsion necessarily vanishes, while it can have only µµˆ0-components
in odd dimensions.
Further geometrical interpretation is given in App. B.
2.3 Commuting Killing tensors
It is known that in the absence of torsion, spacetimes admitting a PKY tensor have mutu-
ally commuting rank-2 Killing tensors which are responsible for an integrable structure for
the geodesic and Klein–Gordon equations. We now show that the existence of such Killing
tensors is also guaranteed when the torsion is present.
The following basic properties of GCKY tensors were demonstrated in [10, 12]:
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1. A GCKY 1-form is equal to a conformal Killing 1-form. In particular, a generalized
Killing–Yano 1-form is equal to a Killing 1-form.
2. The Hodge star ∗ maps GCKY p-forms into GCKY (D−p)-forms. In particular, the
Hodge star of a dT-closed GCKY p-form is a generalized Killing–Yano (D − p)-form
and vice versa.
3. When h1 and h2 is a d
T-closed GCKY p-form and q-form, then h3 = h1 ∧ h2 is a
dT-closed GCKY (p+ q)-form.
4. Let k be a generalized Killing–Yano p-form. Then the rank-2 symmetric tensor
Qab = kac1···cp−1kb
c1···cp−1 (2.17)
is a conformal Killing tensor. In particular, Q is a Killing tensor if k is a generalized
Killing–Yano tensor.
By applying these properties to a PKY tensor h, the wedge products of j PKY tensors,
h(j) = h ∧ · · · ∧ h , are rank-(2j) dT-closed GCKY tensors and f (j) = ∗h(j) are generalized
Killing–Yano (D − 2j)-forms. In odd dimensions, f (n) = ∗h(n) is a Killing vector. Rank-2
symmetric tensors K
(j)
ab =
[
j!2(n− 2j − 1)!]−1 f (j)ac1···cD−2j−1f (j)c1···cD−2j−1b are Killing ten-
sors, which are explicitly given by
K(j) =
n∑
µ=1
A(j)µ (e
µ ⊗ eµ + eµˆ ⊗ eµˆ) + εA(j) e0 ⊗ e0 , (2.18)
where A
(k)
µ and A(k) are elementary symmetric polynomials in x2µ defined by the generating
functions
n∏
ν=1
(t+ x2ν) =A
(0)tn +A(1)tn−1 + · · · +A(n) , (2.19)
n∏
ν=1
ν 6=µ
(t+ x2ν) =A
(0)
µ t
n−1 +A(1)µ t
n−2 + · · · +A(n−1)µ . (2.20)
We have the following proposition:
Proposition 2.1 The Killing tensors K(i), (2.18), mutually commute
[K(i),K(j)] = 0 , (2.21)
under the Schouten–Nijenhuis bracket defined as
[K(i),K(j)]abc ≡ K(i)e(a∇eK
(j)
bc) −K
(j)
e(a∇eK
(i)
bc) . (2.22)
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Proof. Using the connection ∇T , we rewrite [K(i),K(j)]abc as
K
(i)
e(a∇eK
(j)
bc) −K
(j)
e(a∇eK
(i)
bc) =K
(i)
e(a∇TeK
(j)
bc) −K
(j)
e(a∇TeK
(i)
bc)
−K(i)e(aT eb|d|K(j)dc) +K
(j)
e(aT
e
b|d|K
(i)d
c) . (2.23)
It was shown in [12] that these Killing tensors satisfy K
(i)
e(a∇TeK
(j)
bc) − K
(j)
e(a∇TeK
(i)
bc) = 0
and hence the first term on the r.h.s vanishes. Using now the non-vanishing components of
Killing tensors (2.18) and non-vanishing components of the torsion 3-form (2.14) derived
in Lemma 2.1, it can be easily shown that also the second term on the r.h.s vanishes. 
To summarize, similar to the torsion-less case, the existence of the PKY tensor with
torsion guarantees the existence of the whole tower of mutually commuting Killing tensors
(2.18). However, contrary to the torsion-less case, it does not necessarily imply the existence
of any Killing vector fields, except that in odd dimensions f (n) = ∗h(n) is a Killing vector.
2.4 Integrability conditions
Let us first note that from Eq. (2.12) we have xµ = h(eµ, eµˆ). By applying ∇TX to this
relation we find
X(xµ) =∇TXh(eµ, eµˆ) + h(∇TXeµ, eµˆ) + h(eµ,∇TXeµˆ)
=g(X, eµ) g(ξ, eµˆ)− g(ξ, eµ) g(X, eµˆ) , (2.24)
which leads to
eν(xµ) =
√
Qµ δµν , eνˆ(xµ) = 0 , e0(xµ) = 0 . (2.25)
The definition of PKY (2.9) also implies
∇TY∇TXh = (∇TYX♭) ∧ ξ +X♭ ∧ (∇TY ξ) ,
∇T[X,Y ]h = [X,Y ]♭ ∧ ξ . (2.26)
Hence, we obtain the following integrability condition:
RˆT (X,Y )h ≡(∇TX∇TY −∇TY∇TX −∇T[X,Y ])h
=Y ♭ ∧ ∇TXξ −X♭ ∧ ∇TY ξ +
∑
c
T (X,Y, ec) e
c ∧ ξ , (2.27)
where we have used ∇TXY ♭ − ∇TYX♭ − [X,Y ]♭ =
∑
c T (X,Y, ec) e
c. Since the curvature
operator RˆT (X,Y ) is related to the curvature with torsion RT by RT (X,Y,Z,W ) =
g(RˆT (X,Y )Z,W ), in components the integrability condition reads
RTabcehed −RTabdehec =gad∇Tb ξc − gac∇Tb ξd − gbd∇Ta ξc + gbc∇Ta ξd
+ Tabcξd − Tabdξc . (2.28)
Both equations (2.25) and (2.28) will be exploited in the next section.
– 8 –
3 Classification of metrics admitting a PKY tensor
Let us first discuss possible local forms of metrics in even dimensions; classification of
odd-dimensional metrics is deferred to Sec. 4. We proceed as follows: By applying the
techniques developed in [27, 29], we first restrict the form of the connection 1-forms with
torsion. Employing further the PKY equation (2.9) and its integrability conditions we
can eliminate a great number of unknown components of the torsion. In addition, we
can determine covariant derivatives ∇Teaeb in terms of the eigenvalues xµ, the unknown
functions Qµ, and derivatives of the associated 1-form ξ. Finally, we study commutators
of the basis vectors. Imposing the Jacobi identity, we are able to further restrict the
form of the canonical frame, we derive necessary differential constraints (3.32)—(3.36),
and establish an important “algebraic relation”, (3.31), which we use for the classification
of all possible metrics. We divide such metrics into type A, B, and C, and study them in
the appropriate subsections.
3.1 Connection 1-forms
To restrict the form of connection 1-forms with torsion we employ the techniques developed
in [27, 29]. Namely, we define a (1, 1)-tensor Q as
Qab = −hachcb , (3.1)
and denote its spectrum by λi = {x21, x22, . . . , x2n, 0}, where the eigenvalues x2µ are of multi-
plicity two, and the last zero value eigenvalue λn+1 = 0 is present only in odd dimensions.
Hence we take, i = 1, · · · , n + ε. We also introduce the orthogonal projection opera-
tors P(λi) which map a vector onto its component in the eigenspace of λi. In particular,
Q =
∑
i λiP (λi), and, from here,
(I + tQ)−1 =
n+ε∑
i=1
1
1 + tλi
P(λi) . (3.2)
By differentiating both sides of Eq. (3.2) and using the PKY equation, the covariant deriva-
tives of the projection operators can be evaluated as follows [29]:
∇TaP(x2µ)bc =
∑
ν 6=µ
F (x2µ, x
2
ν)abc
x2µ − x2ν
+
F (x2µ, 0)abc
x2µ
, ∇TaP(0)bc = −
n∑
µ=1
F (0, x2µ)abc
x2µ
, (3.3)
where
F (x2µ, x
2
ν)abc = xν
√
QνP(x2µ)ab(eν)c +
√
QνhadP(x2µ)db(eνˆ)c
+xµ
√
QµP(x2ν)ab(eµ)c +
√
QµhadP(x2ν)db(eµˆ)c + (b↔ c) , (3.4)
F (x2µ, 0)abc =
√
Q0hadP(x2µ)db(e0)c + xµ
√
QµP(0)ab(eµ)c + (b↔ c) .
From (2.12) and (2.13), the canonical bases are written as
(eµ)
a =
1
xµ
√
Qµ
habP(x2µ)bcξc , (eµˆ)a =
1√
Qµ
P(x2µ)abξb , (e0)a =
1√
Q0
P(0)abξb .
(3.5)
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Using the equation ωab(ec) = e
a(∇Tc eb), let us calculate (ωT )µµˆ as follows:
ωT µµˆ(ea) = (e
µ)b∇Ta (eµˆ)b = (eµ)b∇Ta
( 1√
Qµ
P(x2µ)bcξc
)
= (eµ)b
(
∇Ta
1√
Qµ
)
P(x2µ)bcξc +
1√
Qµ
(eµ)b
(
∇TaP(x2µ)bc
)
ξc
+
1√
Qµ
(eµ)bP(x2µ)bc
(
∇Ta ξc
)
=
∑
ν 6=µ
QνhabP(x2µ)bc(eµ)c√
Qµ(x2µ − x2ν)
+
∑
ν 6=µ
√
QµhabP(x2ν)bc(eµ)c
x2µ − x2ν
+
Q0habP(x2µ)bc(eµ)c
x2µ
√
Qµ
+
∑
ν 6=µ
xµ
√
Qν
x2µ − x2ν
(eνˆ)a + ε k
√
Q0
xµ
(e0)a +
1√
Qµ
(eµ)c∇Ta ξc . (3.6)
Thus, the following connection 1-forms are obtained:
ωT µµˆ =
1√
Qµ
(
−
n∑
ν=1
ν 6=µ
xµQν
x2µ − x2ν
− Q0
xµ
)
eµˆ +
n∑
ν=1
ν 6=µ
xµ
√
Qν
x2µ − x2ν
eνˆ
+ ε
√
Q0
xµ
e0 +
1√
Qµ
∑
a
(
(eµ)c∇Ta ξc
)
ea . (3.7)
The other connection 1-forms are calculated similarly. In particular, in even dimensions
we obtain the following:
Lemma 3.1 In even dimensions the connection 1-forms with torsion must have the fol-
lowing form:
ωT µν =− xν
√
Qν
x2µ − x2ν
eµ − xµ
√
Qµ
x2µ − x2ν
eν , (µ 6= ν)
ωT µµˆ =− 1√
Qµ
∑
ν 6=µ
xµQν
x2µ − x2ν
eµˆ +
∑
ν 6=µ
xµ
√
Qν
x2µ − x2ν
eνˆ +
∑
a
κa
µ√
Qµ
ea ,
ωT µνˆ =
xµ
√
Qν
x2µ − x2ν
eµˆ − xµ
√
Qµ
x2µ − x2ν
eνˆ , (µ 6= ν) (3.8)
ωT µˆνˆ =− xµ
√
Qν
x2µ − x2ν
eµ − xν
√
Qµ
x2µ − x2ν
eν , (µ 6= ν)
where
κa
b ≡ (eb)c∇Ta ξc . (3.9)
The components of connection 1-forms are expressed in terms of the eigenvalues xµ of the
PKY tensor, the components
√
Qµ of the associated 1-form, and κab.
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We can gain more information about κab by directly differentiating (2.13) and using
(3.8), to obtain
κµµˆ = eµ(
√
Qµ)−
∑
ν 6=µ
xµQν
x2µ − x2ν
, (3.10)
κµνˆ = eµ(
√
Qν) +
xµ
√
Qν
√
Qµ
x2µ − x2ν
, (µ 6= ν) (3.11)
κµˆµˆ = eµˆ(
√
Qµ) , (3.12)
κµˆνˆ = eµˆ(
√
Qν) . (µ 6= ν) (3.13)
Also, by evaluating the integrability condition (2.28) on (c, d) = (µ, µˆ) and using the fact
that h is diagonalized in the canonical frame, it follows that
δaµˆκbµ − δaµκbµˆ − δbµˆκaµ + δbµκaµˆ +
√
QµTabµ = 0 . (3.14)
Hence we find
κµµ + κµˆµˆ = 0 , (3.15)
κµν = κµνˆ = κµˆνˆ = 0 , (µ 6= ν) (3.16)
κµˆν = −
√
QνTµˆννˆ , (µ 6= ν) (3.17)
and obtain
Tµννˆ = 0 , (µ 6= ν) (3.18)
Tµνρ = Tµνρˆ = Tµνˆρˆ = 0 . (µ, ν, ρ all different) (3.19)
From the connection 1-forms (3.8) together with (3.16) one can evaluate covariant
derivatives ∇Teaeb, which are summarized in App. C. Using these expressions and Eq. (2.25),
we can directly confirm that (2.12) satisfies the PKY equation (2.9).
3.2 Commutators
To obtain yet more information about κab, we consider the commutation relations. Using
[ea, eb] = ∇Teaeb −∇Tebea −
∑
c
T (ea, eb, ec)ec , (3.20)
we have
[eµ, eν ] = − xν
√
Qν
x2µ − x2ν
eµ −
xµ
√
Qµ
x2µ − x2ν
eν , (µ 6= ν) (3.21)
[eµ, eµˆ] = Kµ eµ + Lµ eµˆ +
∑
ρ6=µ
Mµρ eρˆ , (3.22)
[eµ, eνˆ ] = −
xµ
√
Qµ
x2µ − x2ν
eνˆ , (µ 6= ν) (3.23)
[eµˆ, eνˆ ] = −
∑
ρ6=µ,ν
Tµˆνˆρˆ eρˆ , (µ 6= ν) (3.24)
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where we have defined
Kµ ≡ κµ
µ√
Qµ
= −eµˆ(
√
Qµ)√
Qµ
, (3.25)
Lµ ≡ − 1√
Qµ
(∑
ρ6=µ
xµQρ
x2µ − x2ρ
− κµˆµ
)
, (3.26)
Mµν ≡ 2xµ
√
Qν
x2µ − x2ν
− Tµµˆνˆ , (µ 6= ν) (3.27)
and we have used (3.12) and (3.15).
We can demonstrate that a new frame {ǫµ} defined by ǫµ = eµ/
√
Qµ satisfies [ǫµ, ǫν ] =
0. From Frobenius’ theorem, therefore, we can choose xµ as local coordinates of an integral
submanifold N and the vector fields eµ can be locally written as (see also [27])
eµ =
√
Qµ
∂
∂xµ
. (3.28)
Furthermore, together with (3.11), (3.13) and (3.16), we can determine the form of the
functions Qµ as follows:
Qµ =
Xµ
Uµ
, Uµ =
∏
ν 6=µ
(x2µ − x2ν) , (3.29)
where Xµ are arbitrary functions satisfying eν(Xµ) = eνˆ(Xµ) = 0 for ν 6= µ.
We have restricted the forms of the connection 1-forms by essentially using the inte-
grability condition of the PKY tensor. However, Eqs. (3.21)–(3.24) do not yet satisfy the
Jacobi identity
[[ea, eb], ec] + [[eb, ec], ea] + [[ec, ea], eb] = 0 , (3.30)
which is equivalent to the first Bianchi identity. After some calculations, we find that
the µˆνˆρˆ-components (µ, ν, ρ all different) of the torsion 3-form must vanish, Tµˆνˆρˆ = 0.
Thus, combining this result with (3.18) and (3.19), we obtain Lemma 2.1. Now we have
[eµˆ, eνˆ ] = 0, which provides an integrable distribution spanned by eµˆ aside from the previ-
ous integrable distribution N . Simultaneously, the Jacobi identities require the algebraic
equation
MµνKν = 0 , (µ 6= ν, no sum) (3.31)
and the following system of partial differential equations for Kµ, Lµ and Mµν (µ, ν, ρ all
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different and no sum):
∂νKµ =
xνKµ
x2µ − x2ν
, (3.32)
∂νLµ =
xνLµ
x2µ − x2ν
− MµνMνµ√
Qν
− 2xµxν
√
Qµ
(x2µ − x2ν)2
, (3.33)
∂νMµν =
(
2xν
x2µ − x2ν
− Lν√
Qν
)
Mµν , (3.34)
∂νMµρ =
(
2xν
x2µ − x2ν
+
xν
x2ν − x2ρ
)
Mµρ − MµνMνρ√
Qν
, (3.35)
and
eνˆ(Kµ) = 0 , eνˆ(Lµ) = 0 , eνˆ(Mµν) = 0 , eνˆ(Mµρ) = 0 . (3.36)
From Eq. (3.31), one finds that there are three types of solutions: (type A) Kµ = 0 for all
µ, (type B) Mµν = 0 for all µ, ν, and (type C) Mixed case, i.e., Kµ 6= 0 for µ = 1, · · · , k
(1 < k < n) and Kµ = 0 for µ = k + 1, · · · , n. Eq. (3.32) automatically holds for (3.25).
The integrability conditions of (3.33), (3.34) and (3.35) are satisfied, namely differentiating
these equations does not produce any additional equations. Note that Eqs. (3.21)–(3.24)
are easily written as
deµ =
∑
ν 6=µ
xν
√
Qν
x2µ − x2ν
eµ ∧ eν −Kµ eµ ∧ eµˆ , (3.37)
deµˆ =− Lµ eµ ∧ eµˆ −
∑
ν 6=µ
xν
√
Qν
x2µ − x2ν
eν ∧ eµˆ −
∑
ν 6=µ
Mνµ e
ν ∧ eνˆ . (3.38)
Thus our problem has been reduced to finding the solutions to (3.33)–(3.36), and then
finding the canonical frame {ea} obeying (3.37) and (3.38).
3.3 Type A: Kµ = 0 case
Let us first consider the case of Kµ = 0 for all µ. For simplicity, we assume that functions
Lµ and Mµν depend only on xµ-coordinate, so that Eqs. (3.36) are trivially satisfied since
eµˆ(xν) = 0 for all µ, ν. Eq. (3.25) shows that eµˆ(
√
Qµ) = 0 for all µ, which, together with
eνˆ(
√
Qµ) = 0, implies that functions Xµ are functions of one variable only: Xµ = Xµ(xµ).
For Eqs. (3.33), (3.34) and (3.35), we obtain the following solution:1
Lµ = −∂µ
√
Qµ +
(
∂µ ln
Φ
fµ
)√
Qµ , (3.39)
Mµν =
fν
fµ
( 2xµ
x2µ − x2ν
+ ∂µ ln Φ
)√
Qν , (3.40)
1 In the absence of torsion, the general solution is Lµ = −∂µ
√
Qµ andMµν = 2xµ
√
Qν/(x
2
µ−x2ν), which
leads to the Kerr-NUT-(A)dS spacetimes found in [6].
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where Φ is a function obeying ∂µ∂ν
[
(x2µ − x2ν)Φ
]
= 0 , and can be solved in the form2
Φ = 1 +
n∑
µ=1
Nµ
Uµ
. (3.41)
Thus our solution includes 3n arbitrary functions Xµ, fµ and Nµ depending on one variable
xµ only. From Lemma 2.1, (3.27) and (3.40), the torsion 3-form is given by
T =
∑
µ6=ν
[
2xµ
x2µ − x2ν
− fν
fµ
( 2xµ
x2µ − x2ν
+ ∂µ ln Φ
)]√
Qν e
µ ∧ eµˆ ∧ eνˆ . (3.42)
Finally we have to solve Eqs. (3.37) and (3.38). This is done as follows. It is possible
to show that the the following 2-form:
F(2) =
n∑
µ=1
∂µ ln Φ
fµ
eµ ∧ eµˆ (3.43)
is d-closed and hence can be locally written as F(2) = dA(1). Furthermore, we can prove
that 1-forms
θk =
n∑
µ=1
(−1)kx2(n−k−1)µ
Uµ
eµˆ
fµ
√
Qµ
+ δk0A(1) , k = 0, · · · , n − 1 (3.44)
are also d-closed. We can introduce local functions ψk such that θk = dψk. Thus the
canonical frame reads
eµ =
dxµ√
Qµ
, eµˆ = fµ
√
Qµ
(
n−1∑
k=0
A(k)µ dψk −A(1)
)
, (3.45)
where 1-form A(1) takes the form A(1) = dψ0 +
∑n
µ=1Aµˆ e
µˆ. By exploiting the gauge
freedom we can eliminate the exact term, to obtain A(1) =
∑n
µ=1Aµˆ e
µˆ. Since ∂ψk/∂xµ = 0,
we can use the functions {xµ, ψk} as local coordinates. In general, Aµˆ may depend on ψk
and its dependence is determined by differential equation F(2) = dA(1). If we assume that
components Aµˆ are independent of ψk, coordinates ψk become Killing coordinates and the
metric is explicitly given by
g =
n∑
µ=1
Uµ
Xµ
dx2µ +
n∑
µ=1
f2µXµ
Uµ
( n−1∑
k=0
A(k)µ dψk −A(1)
)2
, (3.46)
where
A(1) =
1
Φ
n∑
µ=1
Nµ
Uµ
n−1∑
k=0
A(k)µ dψk , (3.47)
Φ is given by (3.41), and torsion by (3.42).
2 Here, 1 is just a convenient choice of normalization for the integration constant. Choosing different
value would slightly change the final expression (3.47).
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3.4 Type B: Mµν = 0 case
Next, we consider the case of Mµν = 0 for all µ and ν. The torsion is fixed to be
T =
∑
µ6=ν
2xµ
√
Qν
x2µ − x2ν
eµ ∧ eµˆ ∧ eνˆ . (3.48)
Eq. (3.33) reduces to
∂νLµ =
xνLµ
x2µ − x2ν
− 2xµxν
√
Qµ
(x2µ − x2ν)2
, (3.49)
which gives the solution
Lµ = −
∑
ρ6=µ
xµ
√
Qµ
x2µ − x2ρ
+ fµ
√
Qµ , (3.50)
where fµ are functions satisfying ∂νfµ = eνˆ(fµ) = 0 for µ 6= ν.
Let us consider vector fields {ǫµˆ} defined by ǫµˆ =
√
Uµ/Yµ eµˆ, where ∂νYµ = eνˆ(Yµ) = 0
for µ 6= ν. If fµ = ∂µ ln
√
Yµ, these vector fields satisfy [ǫµ, ǫνˆ ] = [ǫµˆ, ǫνˆ ] = 0. Since we
already have [ǫµ, ǫν ] = 0, we can introduce local coordinates yµ that are independent to
xµ, i.e., ǫµˆ = ∂/∂yµ. Thus we have
eµ =
√
Xµ
Uµ
∂
∂xµ
, eµˆ =
√
Yµ
Uµ
∂
∂yµ
. (3.51)
Therefore, the metric is given by
g =
n∑
µ=1
Uµ
(
dx2µ
Xµ
+
dy2µ
Yµ
)
, (3.52)
where Xµ and Yµ are functions depending on both coordinates xµ and yµ; Xµ = Xµ(xµ, yµ)
and Yµ = Yµ(xµ, yµ). Thus, we have explicitly constructed metrics in all even dimensions
which admit the whole tower of Killing tensors (2.18) but in general possess no Killing
fields.
3.5 Type C: Mixed case
The mixed type C is the most complicated. For simplicity, we consider only four-dimensional
case. Eq. (3.31) then reads
M12K2 = 0 , M21K1 = 0 . (3.53)
When we choose K2 = 0 and M21 = 0, the equations to solve are
∂yL1 =
yL1
x2 − y2 −
2xy
√
Q1
(x2 − y2)2 , ∂xL2 =
xL2
y2 − x2 −
2yx
√
Q2
(y2 − x2)2 ,
∂yM12 =
(
2y
x2 − y2 −
L2√
Q2
)
M12 . (3.54)
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The solutions are
L1 = − x
√
Q1
x2 − y2 + f1
√
Q1 , L2 = − y
√
Q2
y2 − x2 + f2
√
Q2 ,
M12 = h
√
Q1 exp
(
−
∫
f2 dy
)
, M21 = 0 , (3.55)
where f1, f2 and h are arbitrary functions satisfying ∂yf1 = 0, ∂xf2 = 0, and ∂yh = 0.
Assuming f1 = f1(x), f2 = f2(y) and h = h(x), we have commutation relations
[e1, e2] = − y
√
Q2
x2 − y2 e1 −
x
√
Q1
x2 − y2 e2 ,
[e1, e1ˆ] = K1 e1 + L1 e1ˆ +M12 e2ˆ , [e2, e2ˆ] = L2 e2ˆ ,
[e1, e2ˆ] = −
x
√
Q1
x2 − y2 e2ˆ , [e2, e1ˆ] = −
y
√
Q2
y2 − x2 e1ˆ ,
[e1ˆ, e2ˆ] = 0 . (3.56)
It can be shown that the following vector fields {ǫµ, ǫˆµ} are mutually commuting:
ǫ1 =
e1√
Q1
, ǫ2 =
e2√
Q2
,
ǫˆ1 = E1
1 e1ˆ + E1
2 e2ˆ , ǫˆ2 = E2
1 e1ˆ + E2
2 e2ˆ , (3.57)
where ǫˆ1 = ∂/∂u
1, ǫˆ2 = ∂/∂u
2 and
Ei
1 =
√
x2 − y2 ai(u)Ψ1(x) ,
Ei
2 =
√
x2 − y2
(
− ai(u)Ξ1(x) + bi(u)
)
Ψ2(y) . (3.58)
The functions Ψ1(x), Ψ2(y) and Ξ1(x) are given by
Ψ1(x) = exp
(
−
∫
f1(x) dx
)
, Ψ2(y) = exp
(
−
∫
f2(y) dy
)
,
Ξ1(x) =
∫ (
h(x) exp
(
−
∫
f1(x) dx
))
dx , (3.59)
and ai(u) and bi(u) must satisfy
∂a2
∂u1
− ∂a1
∂u2
= 0 ,
∂b2
∂u1
− ∂b1
∂u2
= 0 . (3.60)
Moreover, in order that vector fields ǫˆ1 and ǫˆ2 are linear independent, it must be satisfied
that a1b2 − a2b1 6= 0. Then we obtain a local form of the metric
g = (x2 − y2)
[
dx2
X(x, ψ1)
− dy
2
Y (y)
+ Ψ1(x)
2dψ21 +Ψ2(y)
2
(
− Ξ1(x)dψ1 + dψ2
)2]
, (3.61)
where
dψ1 = a1 du
1 + a2 du
2 , dψ2 = b1 du
1 + b2 du
2 . (3.62)
We emphasize that X allows dependence of x and ψ1, while Y is a function depending only
on y, which comes from K1 6= 0 and K2 = 0.
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4 Local metrics in odd dimensions
In this section, we shall discuss local forms of metrics admitting a generalized PKY tensor in
odd dimensions. We shall proceed in a fashion similar to our approach in even dimensions.
4.1 Connection and commutators
Lemma 4.1 In odd dimensions, the connection 1-forms with torsion must have the fol-
lowing form:
ωT µν =− xν
√
Qν
x2µ − x2ν
eµ − xµ
√
Qµ
x2µ − x2ν
eν , (µ 6= ν)
ωT µµˆ =− 1√
Qµ
(∑
ν 6=µ
xµQν
x2µ − x2ν
+
Q0
xµ
)
eµˆ +
∑
ν 6=µ
xµ
√
Qν
x2µ − x2ν
eνˆ
+
√
Q0
xµ
e0 +
∑
a
κa
µ√
Qµ
ea ,
ωT µνˆ =
xµ
√
Qν
x2µ − x2ν
eµˆ − xµ
√
Qµ
x2µ − x2ν
eνˆ , (µ 6= ν) (4.1)
ωT µˆνˆ =− xµ
√
Qν
x2µ − x2ν
eµ − xν
√
Qµ
x2µ − x2ν
eν , (µ 6= ν)
ωT µ0 =
√
Q0
xµ
eµˆ −
√
Qµ
xµ
e0 ,
ωT µˆ0 =−
√
Q0
xµ
eµ ,
where, as before, κa
b is defined by (3.9).
To collect more information about κa
b, we differentiate (2.13) using (4.1), and obtain
κµµˆ = eµ(
√
Qµ)−
∑
ν 6=µ
xµQν
x2µ − x2ν
− Q0
xµ
, (4.2)
κµνˆ = eµ(
√
Qν) +
xµ
√
Qµ
√
Qν
x2µ − x2ν
, (µ 6= ν) , κµ0 = eµ(
√
Q0) +
√
Qµ
√
Q0
xµ
, (4.3)
κµˆµˆ = eµˆ(
√
Qµ) , (4.4)
κµˆνˆ = eµˆ(
√
Qν) , (µ 6= ν) , κ0µˆ = e0(
√
Qµ) , (4.5)
κµˆ0 = eµˆ(
√
Q0) , κ00 = e0(
√
Q0) . (4.6)
By using the integrability condition for the PKY tensor we find that
κµµ + κµˆµˆ = 0 , (4.7)
κµν = κµνˆ = κµˆνˆ = 0 , (µ 6= ν) , κ0µˆ = 0 , (4.8)
κµˆν = −
√
QνTµˆννˆ , (µ 6= ν) , κ0µ = −
√
QµTµµˆ0 , (4.9)
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and obtain
Tµννˆ = Tµν0 = Tµνˆ0 = 0 , (µ 6= ν) , (4.10)
Tµνρ = Tµνρˆ = Tµνˆρˆ = 0 . (µ, ν, ρ all different) (4.11)
From the connection 1-forms (4.1) together with (4.8) one can evaluate covariant derivatives
∇Teaeb, which are summarized in App. C. Using these formulae and Eq (2.25) we can directly
confirm that (2.12) satisfies the PKY equation.
From Eq. (3.20), we have the commutation relations
[eµ, eν ] =− xν
√
Qν
x2µ − x2ν
eµ −
xµ
√
Qµ
x2µ − x2ν
eν , (µ 6= ν) (4.12)
[eµ, eµˆ] =Kµ eµ + Lµ eµˆ +
∑
ρ6=µ
Mµρ eρˆ + Jµ e0 , (4.13)
[eµ, eνˆ ] =−
xµ
√
Qµ
x2µ − x2ν
eνˆ , (µ 6= ν) (4.14)
[eµˆ, eνˆ ] =−
∑
ρ6=µ,ν
Tµˆνˆρˆ eρˆ − Tµˆνˆ0 e0 , (µ 6= ν) (4.15)
[eµ, e0] =−
√
Qµ
xµ
e0 , (4.16)
[eµˆ, e0] =
∑
ν 6=µ
Tµˆνˆ0 eνˆ , (4.17)
where
Kµ ≡ κµ
µ√
Qµ
, Lµ ≡ − 1√
Qµ
(∑
ρ6=µ
xµQρ
x2µ − x2ρ
+
Q0
xµ
− κµˆµ
)
,
Mµν ≡ 2xµ
√
Qν
x2µ − x2ν
− Tµµˆνˆ (µ 6= ν) , Jµ ≡ 2
√
Q0
xµ
− Tµµˆ0 . (4.18)
Especially, from (4.4) and (4.7) we again obtain (3.25). Moreover, we have
eµ =
√
Qµ
∂
∂xµ
, (4.19)
where Qµ takes the form (3.29) with functions Xµ satisfying eν(Xµ) = eνˆ(Xµ) = e0(Xµ) =
0. The Jacobi identities require Tµˆνˆρˆ = 0 and Tµˆνˆ0 = 0, which leads to Lemma 2.1.
Unknown functionsKµ, Lµ andMµν obey the same equations
3 (3.31)–(3.36) and in addition
∂νJµ =
( 2xν
x2µ − x2ν
+
1
xν
)
Jµ − MµνJν√
Qν
, (µ 6= ν) (4.20)
and
e0(Kµ) = 0 , e0(Lµ) = 0 , e0(Mµν) = 0 (µ 6= ν) , (4.21)
eνˆ(Jµ) = 0 (µ 6= ν) , e0(Jµ) = 0 . (4.22)
3 Note that functions Lµ in odd dimensions are different from those in even dimensions, though we use
the same symbols Lµ, cf. (3.27).
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We already know a solution for functions Kµ, Lµ and Mµν because they obey the same
equations as in even dimensions; the dependence of e0 is determined by (4.21). So again,
we obtain three classes of solutions for Kµ, Lµ and Mµν . On the other hand, having one
more function Jµ in the case of odd dimensions, we still have to solve differential equations
(4.20) and (4.22). The torsion always includes one arbitrary function Q0, cf. (4.18). The
frame is determined from (3.37), (3.38), and
de0 =−
n∑
µ=1
Jµ e
µ ∧ eµˆ +
n∑
µ=1
√
Qµ
xµ
eµ ∧ e0 . (4.23)
4.2 Type A: Kµ = 0 case
Taking Kµ = 0 for all µ, we have the solutions (3.39) and (3.40). Substituting (3.40) into
(4.20), we obtain
∂νJµ =
( 2xν
x2µ − x2ν
+
1
xν
)
Jµ − fν
fµ
( 2xµ
x2µ − x2ν
+ ∂µ ln Φ
)
Jν . (µ 6= ν) (4.24)
We find Jµ = k1J
(1)
µ + k2J
(2)
µ as a linear combination of two solutions
J (1)µ =
1
fµ
∏n
ρ=1 xρ
( 2
xµ
+ ∂µ ln Φ
)
, J (2)µ =
1
fµ
(∂µ ln Φ)
n∏
µ=1
xµ , (4.25)
where k1 and k2 are arbitrary constants and Φ is given by (3.41). By parallel calculations
to even dimensions, leading to metrics (3.46), we obtain the following solution:
g =
n∑
µ=1
Uµ
Xµ
dx2µ +
n∑
µ=1
f2µXµ
Uµ
(
n−1∑
k=0
A(k)µ dψk −A(1)
)2
+
(
k1∏n
ρ=1 xρ
( n∑
k=0
A(k)dψk −A(1)
)
+ k2
( n∏
ρ=1
xρ
)(
dψn −A(1)
))2
, (4.26)
where A(1) is given by (3.47), and the torsion takes the form
T =
∑
µ6=ν
[
2xµ
x2µ − x2ν
− fν
fµ
( 2xµ
x2µ − x2ν
+ ∂µ ln Φ
)]√
Qν e
µ ∧ eµˆ ∧ eνˆ
+
n∑
µ=1
[
2
√
Q0
xµ
− k1
fµ
∏n
ρ=1 xρ
( 2
xµ
+ ∂µ lnΦ
)
− k2
fµ
(∂µ ln Φ)
n∏
ρ=1
xρ
]
eµ ∧ eµˆ ∧ e0 .
(4.27)
Specifically, we consider the case of Tµµˆνˆ = 0 for µ 6= ν. In this case, the PKY tensor
becomes both d-closed and dT -closed, cf. (2.16). Then we have
Lµ = −∂µ
√
Qµ , Mµν =
2xµ
√
Qν
x2µ − x2ν
, (4.28)
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and Eq. (4.20) has the solution
Jµ = k
( n∏
ρ=1
xρ
)
(∂µΦ) (4.29)
with an arbitrary constants k. The torsion takes the form
T =
n∑
µ=1
[
2
√
Q0
xµ
− k
( n∏
ρ=1
xρ
)
(∂µΦ)
]
eµ ∧ eµˆ ∧ e0 , (4.30)
and the corresponding metric is given by
g =
n∑
µ=1
Uµ
Xµ
dx2µ +
n∑
µ=1
Xµ
Uµ
(
n−1∑
k=0
A(k)µ dψk
)2
+ k2
( n∏
ρ=1
x2ρ
)(
dψn −B(1)
)2
, (4.31)
where B(1) is defined by
B(1) =
n∑
µ=1
Nµ
Uµ
n−1∑
k=0
A(k)µ dψk . (4.32)
Both metrics (4.26) and (4.31) provide an ansatz for supergravity solutions and will be
exploited in the next section.
4.3 Type B: Mµν = 0 case
When we take Mµν = 0 for all µ and ν, then
T =
∑
µ6=ν
2xµ
√
Qν
x2µ − x2ν
eµ ∧ eµˆ ∧ eνˆ . (4.33)
Eq. (4.20) reduces to
∂νJµ =
( 2xν
x2µ − x2ν
+
1
xν
)
Jµ . (4.34)
In the same manner as in even dimensions we obtain (3.51), which implies that µµˆ-
components of de0 vanish. Hence, from Eq. (4.23) we have Jµ = 0 and
g =
n∑
µ=1
Uµ
(dx2µ
Xµ
+
dy2µ
Yµ
)
+
( n∏
µ=1
x2µ
)
dz2 , (4.35)
where Xµ and Yµ are functions depending on both coordinates xµ and yµ; Xµ = Xµ(xµ, yµ)
and Yµ = Yµ(xµ, yµ).
4.4 Type C: Mixed case
For simplicity, we consider five-dimensional case. Since Eq. (3.31) must hold in the case
of odd dimensions, we take K2 = 0 and M21 = 0. Then one finds the solutions (3.55) for
Lµ and Mµν , and obtains the partial differential equations for Jµ,
∂J1
∂y
=
( 2y
x2 − y2 +
1
y
)
J1 − M12J2√
Q2
,
∂J2
∂x
=
( 2x
y2 − x2 +
1
x
)
J2 . (4.36)
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The solutions are
J1 =
yS1
√
Q1√
x2 − y2 , J2 =
xS2
√
Q2√
x2 − y2 , (4.37)
where ∂S2/∂x = 0 and
S1 = −xh
∫
S2Ψ2
y
dy (4.38)
with Ψ1, Ψ2 and h defined in Sec. 3.5. One also obtains commuting vector fields ǫˆi =
Ei
1 e1ˆ + Ei
2 e2ˆ + Ei
0 e0 (i = 0, 1, 2), where ǫˆ0 = ∂/∂u
0, ǫˆ1 = ∂/∂u
1, ǫˆ2 = ∂/∂u
2 and
Ei
1 =
√
x2 − y2 ai(u)Ψ1(x) , Ei2 =
√
x2 − y2
(
− ai(u)Ξ1(x) + bi(u)
)
Ψ2(y) ,
Ei
0 = xy
[(
ai(u)Ξ1(x)− bi(u)
)
Ξ2(y) + ci(u)
]
. (4.39)
The functions Ξ1(x) and Ξ2(y) are
Ξ1(x) =
∫ (
h exp
(
−
∫
f1dx
))
dx , Ξ2(y) =
∫
s2Ψ2
y
dy , (4.40)
and a = (ai), b = (bi) and c = (ci) (i = 0, 1, 2) must satisfy ∇ × a = 0, ∇ × b = 0 and
∇× c = 0, where ∇ = (∂/∂u0, ∂/∂u1, ∂/∂u2). Moreover, in order that the vector fields ǫˆi
are linearly independent, a, b and c are also linearly independent. Thus the five-dimensional
metric of type C takes a local form
g =(x2 − y2)
(
dx2
X(x, ψ1)
− dy
2
Y (y)
+ Ψ1(x)
2dψ21 +Ψ2(y)
2
(
− Ξ1(x)dψ1 + dψ2
)2)
+ x2y2
(
dψ0 − Ξ2(y)
(
− Ξ1(x)dψ1 + dψ2
))2
, (4.41)
where dψ1 =
∑
i ai du
i, dψ2 =
∑
i bi du
i and dψ0 =
∑
i ci du
i. It should be emphasized that
X depends on x and ψ1 and Y depends only on y.
5 Physical examples
In this section we shall illustrate how the results described in Sec. 3 and Sec. 4 can be
applied in concrete supergravity theories. In arbitrary even dimensions we present new
examples of Ka¨hler with torsion (KT) metrics. These are obtained by slightly modifying
the ansatz of higher dimensional charged Kerr-NUT black hole metrics.4
4The deformations of Calabi–Yau manifolds as supersymmetric solutions to abelian heterotic supergrav-
ity are discussed in [33]. Although the method is different, our KT examples are closely related to their
deformations.
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5.1 Solutions of heterotic supergravity
We consider the abelian heterotic supergravity, which is obtained as a low-energy effective
theory of heterotic string theory. The action consists of a metric g, scalar field φ, U(1)
potential A and 2-form potential B,
S =
∫
eφ
(
∗ R+ ∗dφ ∧ dφ− ∗F ∧ F − 1
2
∗H ∧H
)
(5.1)
where F = dA and H = dB −A ∧ dA. The equations of motion are
Rab −∇a∇bφ− F ca Fbc −
1
4
H cda Hbcd = 0 , (5.2)
d(eφ ∗ F ) = eφ ∗H ∧ F , (5.3)
d(eφ ∗H) = 0 , (5.4)
(∇φ)2 + 2∇2φ+ 1
2
FabF
ab +
1
12
HabcH
abc −R = 0 . (5.5)
We investigate solutions whose metrics take the form of type A, i.e., (3.46) in even
dimensions and (4.26) in odd dimensions. The metric in 2n + ε dimensions (ε = 0 or 1)
includes unknown functions fµ, Nµ and Xµ (µ = 1, · · · , n) which depend on one variable
xµ only. In particular, we find solutions in two cases of fµ = 1 and fµ = 2xµ.
5.1.1 Charged Kerr-NUT black hole metrics
In the case of fµ = 1 for all µ, we use F(2) = dA(1), (3.43), as F and further identify H
with the torsion 3-form T , (3.42) or (4.27). In odd dimensions, we have one more arbitrary
function Q0 in the torsion T = H. The equations of motion (5.2)–(5.5) give the solution
Xµ =
n−1∑
k=0
ckx
2k
µ +mµx
1−ε
µ + ε
(−1)nc
x2µ
, (5.6)
Nµ =
n−1∑
k=0
bkx
2k
µ + amµx
1−ε
µ . (5.7)
In odd dimensions, the function Q0 is determined as
√
Q0 =
√
c/
∏n
ρ=1 xρ. This solution
includes free parameters mµ (µ = 1, · · · , n), a, bk and ck (k = 0, · · · , n − 1), c and q with
a relation 1 + bn−1 = acn−1 + aq
2. If we take bk = 0 for k = 0, · · · , n − 1, the solution
reproduces the charged Kerr-NUT black hole solution [34–36]. Then the metric and the
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fields are given by (in odd dimensions we have chosen k1 =
√
c and k2 = 0)
g =
n∑
µ=1
Uµ
Xµ
dx2µ +
n∑
µ=1
Xµ
Uµ
(
n−1∑
k=0
A(k)µ dψk −A(1)
)2
+
εc∏n
ρ=1 x
2
ρ
(
n∑
k=0
A(k)dψk −A(1)
)2
, (5.8)
F =q
n∑
µ=1
∂µ ln Φ e
µ ∧ eµˆ , (5.9)
H =−

 n∑
µ=1
∂µ ln Φ e
µ ∧ eµˆ

 ∧
(
n∑
ν=1
√
Xν
Uν
eνˆ +
ε
√
c∏n
ρ=1 xρ
e0
)
, (5.10)
φ = lnΦ , (5.11)
where
Φ = 1 + bn−1 + a
n∑
µ=1
mµx
1−ε
µ
Uµ
, (5.12)
and A(1) is given by (3.47). Properties of these solutions related to the hidden symme-
tries have been studied in [12, 34]. In even dimensions, the metric (5.8) is hermitian
for complex structures Jǫ defined in App. B, and hence the charged Kerr-NUT metric has
multi-hermitian structure5. The corresponding KT structure is given by the Bismut torsion
[37]
Bǫ =
n∑
µ=1
∑
ν 6=µ
(
2(ǫµǫνxν − xµ)
x2µ − x2ν
− ∂µ ln Φ
)√
Xν
Uν
eµ ∧ eµˆ ∧ eνˆ , (5.13)
with ǫµ = ±1.
5.1.2 Calabi–Yau with torsion metrics
We consider the even dimensional metric (3.46) with fµ = 2xµ for µ = 1, · · · , n,
g =
n∑
µ=1
Uµ
Xµ
dx2µ +
n∑
µ=1
4x2µXµ
Uµ
(
n−1∑
k=0
A(k)µ dψk −A(1)
)2
. (5.14)
For the metric (5.14) and the complex structures Jǫ defined in App. B, the Bismut torsion
is given by
Bǫ =
∑
µ6=ν
(2(ǫµǫν − 1)xν
x2µ − x2ν
− xν
(
∂µ ln Φ
)
xµ
)√Xν
Uν
eµ ∧ eµˆ ∧ eνˆ (5.15)
with ǫµ = ±1. In turn, instead of indentifying the 3-form field strength H with the
torsion T associated with PKY tensor, we use the Bismut torsion Bǫ with all ǫµ equal,
5 When the torsion is absent, the multi-hermitian structure of the Kerr-NUT-(A)dSmetrics was discussed
in [40].
– 23 –
ǫ1 = ǫ2 = · · · = ǫn = ±1. And we take the Maxwell field F as (3.43). The equations of
motion give the solution
Xµ =
1
4x2µ
( n∑
k=1
ckx
2k
µ +mµ
)
, (5.16)
Nµ =
n∑
k=1
bkx
2k
µ + amµ (5.17)
with bn = acn. This solution includes free parameters mµ (µ = 1, · · · , n), a, bk and ck
(k = 1, · · · , n) and q with a relation 1 + bn−1 = acn−1 + aq2. Then the fields are given by
F =q
n∑
µ=1
∂µ ln Φ
2xµ
eµ ∧ eµˆ , (5.18)
H =−
∑
µ6=ν
xν(∂µ ln Φ)
xµ
√
Xν
Uν
eµ ∧ eµˆ ∧ eνˆ , (5.19)
φ = lnΦ , (5.20)
where
Φ = 1 + bn−1 + bn
n∑
µ=1
x2µ + a
n∑
µ=1
mµ
Uµ
. (5.21)
In particular, when we put cn = 0 and ǫ1 = ǫ2 = · · · = ǫn = ±1, the Ricci form ρB
associated with the Bismut connection [38, 39]
ρB(X,Y ) =
1
2
2n∑
a=1
RB(X,Y, ea, J(ea)) (5.22)
vanishes. Therefore the metric becomes Calabi–Yau with torsion.
If we take a = 0 and bk = 0 for all k with ǫ1 = ǫ2 = · · · = ǫn = ±1, the torsion Bǫ
vanishes and the metric reduces to the orthotoric Ka¨hler metric fully studied in [13]. In
this case the torsion 3-form T remains non-trivial,
T =
∑
µ6=ν
2
xµ + xν
√
Xν
Uν
eµ ∧ eµˆ ∧ eνˆ . (5.23)
This means that the orthotoric Ka¨hler manifold does not admit ordinary closed conformal
Killing–Yano tensors but possesses the PKY tensor with torsion.6 It is this tensor which
is responsible for separability of Laplacian in these spaces, cf., [18].
5.2 Five-dimensional minimal supergravity black hole metrics
We consider the five-dimensional minimal gauged supergravity. The action is given by
S =
∫
∗(R+ Λ)− 1
2
F ∧ ∗F + 1
3
√
3
F ∧ F ∧A (5.24)
6 It is known that there exists a Hamiltonian 2-form which always produces a rank-2 conformal Killing–
Yano tensor. However, this is neither closed nor co-closed [13].
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where F is 2-form field strength of Maxwell field A, F = dA. The equations of motion are
Rab +
Λ
3
gab =
1
2
(
FacFb
c − 1
6
gabFcdF
cd
)
, (5.25)
d ∗ F − 1√
3
F ∧ F = 0 . (5.26)
We investigate five-dimensional metrics written in the form (4.31). This metric includes
unknown functions Nµ and Xµ (µ = 1, 2) which depend on one variable xµ only. Following
[10], we identify F with the torsion 3-form by T = ∗F/√3 . The equations of motion give
the solution
Xµ =c2x
4
µ + c1x
2
µ +mµ +
k2q2µ
x2µ
, (5.27)
Nµ =b1x
2
µ + b0 +
qµ
x2µ
, (5.28)
where c2 = Λ/30 and c1, b0, b1 mµ, k, q1 and q2 are free parameters
7. The function Q0 in
(4.30) is determined as
√
Q0 =
k(q2x
2 − q1y2)
xy(x2 − y2) . (5.29)
The metric and the Maxwell field are given by
g =
2∑
µ=1
Uµ
Xµ
dx2µ +
2∑
µ=1
Xµ
Uµ
(
1∑
k=0
A(k)µ dψk
)2
+ k2x2y2
(
dψ2 −B(1)
)2
, (5.30)
F =
2
√
3k(q1 − q2)
(x2 − y2)2
(
x e1 ∧ e1ˆ − y e2 ∧ e2ˆ
)
, (5.31)
where B(1) is defined by (4.32).
This metric reproduces the rotating black hole metric discovered by Chong, Cvetic, Lu¨,
and Pope in [41]. In the paper [42], it was shown that (5.30) is a unique metric admitting
the d-closed PKY tensor with torsion subject to certain additional assumptions. Here we
see how the demonstrated uniqueness fits into a general picture of classification of metrics
admitting the PKY tensor with torsion.
6 Conclusions
In this paper we have classified spacetimes admitting a non-degenerate rank-2 dT-closed
generalized conformal Killing–Yano (PKY) tensor in all dimensions D. This classification,
apart from its own significance, provides an alternative to various approaches to construct-
ing new exact solutions. In particular, the spacetimes obtained provide an ansatz for exact
solutions of various supergravities. A remarkable property of these metrics is that the
PKY tensor generates a set of n = [D/2] mutually commuting rank-2 Killing tensors. If a
7 The parameters k is a pure imaginary constant.
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sufficient number of additional isometries is present (as is the case for the physical exam-
ples we discuss), this guarantees complete integrability of the geodesic equations as well
and we expect furthermore the separability of scalar and Dirac equations. The problem
of classification has been reduced to that of solving certain partial differential equations
(3.33)–(3.35) in even dimensions and/or (4.20) in odd dimensions. The solutions can be
classified into three types (A, B and C); we have constructed the corresponding examples
of metrics explicitly.
So far we have not been able to find a general solution to the partial differential
equations obtained and hence complete classification remains an open issue. However, we
have demonstrated that our metrics cover many known solutions of various supergravities,
such as higher-dimensional Kerr–Sen black hole metrics, KT metrics and Calabi–Yau with
torsion metrics in abelian heterotic supergravity, and the charged rotating black hole metric
of five-dimensional minimal gauged supergravity. We believe that the KT and Calabi–Yau
with torsion metrics constructed in this paper are new. Recently constructed black hole
solutions of gauged supergravities in 4, 6 and 7 dimensions [43–45] are also included in
our metric. When studying the physical significance of the metrics we obtain, we have
concentrated on type A metrics. It would be interesting to examine the physical meaning
of type B and C metrics in the future.
One possible generalization of the obtained classification would be to relax the as-
sumption on the non-degeneracy of the PKY tensor. In the torsion-less case, this leads to
much richer structure of spacetimes, while the full classification is still possible [28, 29].
We also believe that the ansatz of higher rank GCKY tensors would lead to new families
of more general solutions. Since our analysis was local, it is desirable to obtain global de-
scription of the metrics as a future problem. Global properties of conformal Killing–Yano
tensors were investigated by Semmelmann [22]. He showed the existence of Killing–Yano
tensors on Sasakian, 3-Sasakian, nearly Kahler and weak G2-manifold. These geometries
are deeply related to supersymmetric compactifications and AdS/CFT correspondence in
string theories. In App. A we have discussed generalized Killing spinors according to Sem-
melmann’s argument. It is an interesting question whether the presented method, or its
generalizations, can provide a new construction in the geometry with torsion.
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A Torsion Killing spinors
In this appendix we establish the relation between generalized Killing–Yano tensors and
various torsion Killing spinors by extending the work of Semmelmann [22] and Cariglia [46].
To make calculations feasible we use the compact notations of [21]. Namely, we identify
the elements of Clifford algebra with differential forms and denote the Clifford product by
juxtaposition. Namely, for a 1-form α and p-form ω this reads
αω = α ∧ ω + α♯−| ω , ωα = (−1)p
(
α ∧ ω − α♯−| ω
)
. (A.1)
We also use a shorthand ea1...ap = ea1 ∧ · · · ∧ eap .
A generalized twistor spinor or generalized conformal Killing spinor ψ is a spinor which
for any vector field X obeys the twistor equation with torsion:
∇TXψ −
1
n
X♭DTψ = 0 . (A.2)
Here the Dirac operator with torsion is defined as DT = ea∇TXa = D − 34T , with D being
the Dirac operator of the Levi-Civita connection. Similarly, we call a spinor ψ obeying
∇TXψ − λX♭ψ = 0 (A.3)
for some λ ∈ C a generalized Killing spinor.8
A.1 Twistor spinors and GCKY tensors
Similar to the torsion-less case there is a connection between the existence of generalized
twistor spinor and the existence of a tower of GCKY tensors. Namely, the following lemma
holds:
Lemma A.1 Let ψ1 and ψ2 be two generalized twistor spinors. Then the p-form (p =
1, . . . , n)
ω = (ψ1, e
a1...apψ2)ea1...ap , (A.4)
where (·, ·) stands for a spin-invariant symplectic product, is a GCKY tensor.
Proof: To prove this lemma we basically follow the calculation in App. A of [22]. We
calculate
∇TXω=
1
n
(X♭DTψ1, e
a1...apψ2)ea1...ap +
1
n
(ψ1, e
a1...apX♭DTψ2)ea1...ap
+ (ψ1,∇TX [ea1...ap ]ψ2)ea1...ap + (ψ1, ea1...apψ2)∇TXea1...ap .
To simplify our calculation, we can work in in a basis which is “parallel at a point”, in
which we have
∇TX(ea1...ap) =
p
2
T (X, e[a1 , eb)e
|b|a2...ap] . (A.5)
8It is easy to see, that a generalized twistor spinor ψ which in addition obeys the Dirac equation with
torsion, DTψ = λ
n
ψ, is a generalized Killing spinor.
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Due to the antisymmetry of torsion T , we find that the last two terms cancel. Using further
the property of the symplectic product (αu, v) = (−1)[q/2](u, αv), valid for an arbitrary q-
form α, we arrive at
∇TXω=
1
n
(DTψ1,X
♭ea1...apψ2)ea1...ap +
1
n
(ψ1, e
a1...apX♭DTψ2)ea1...ap . (A.6)
Consider now
dTω = eb ∧ ∇Tebω
=
1
n
(DTψ1, e
ba1...apψ2)eba1...ap +
(−1)p
n
(ψ1, e
ba1...apDTψ2)eba1...ap . (A.7)
So we get
X−| d
Tω =
p+ 1
n
(DTψ1,X
♭ ∧ ea1...apψ2)ea1...ap
+(−1)p p+ 1
n
(ψ1,X
♭ ∧ ea1...apDTψ2)ea1...ap . (A.8)
On the other hand, we have
δTω = −eb−|∇Tebω
= − p
n
(DTψ1, ebe
ba2...apψ2)ea2...ap −
p
n
(ψ1, e
ba2...apebD
Tψ2)ea2...ap
= −p(n− p+ 1)
n
(DTψ1, e
a2...apψ2)ea2...ap
+(−1)p p(n− p+ 1)
n
(ψ1, e
a2...apDTψ2)ea2...ap , (A.9)
where we have used (A.1). So we get
X♭ ∧ δTω = −n− p+ 1
n
(DTψ1,X−| e
a1...apψ2)ea1...ap
+(−1)pn− p+ 1
n
(ψ1,X−| e
a1...apDTψ2)ea1...ap , (A.10)
Putting (A.6), (A.8), and (A.10) together and using (A.1) again we finally obtain
∇TXω −
1
p+ 1
X−| d
Tω +
1
n− p+ 1X
♭ ∧ δTω = 0 . 
A.2 Special GCKY tensors
Let as define a special Killing–Yano tensor ω with torsion to be a p-form which obeys
∇TXω =
1
p+ 1
X−| d
Tω , ∇TX(dTω) = cX♭ ∧ ω , (A.11)
for any vector field X and some constant c. It is a torsion generalization of a special
Killing–Yano tensor introduced by Tachibana and Yu [47] and exploited by Semmelmann
[22]. Using (A.11) we immediately find that ω is an eigenform of the torsion Laplace-de
Rham operator
− (dTδT+ δTdT)ω = c(n − p)ω . (A.12)
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Notice also that (A.11) implies dTdTω = 0. Moreover, when ω is an odd-rank special
Killing–Yano tensor with torsion, so is (k = 0, 1, . . . )
ω(k) ≡ ω ∧ (dTω)∧k . (A.13)
Similarly, one can define a special dT-closed GCKY tensor ω to be a p-form obeying
∇TXω +
1
n− p+ 1X
♭ ∧ δTω = 0 , ∇TX(δTω) = c˜X♭−| ω . (A.14)
for any vector field X and some constant c˜. Again, such ω is an eigenform of the torsion
Laplace-de Rham operator, −(dTδT+ δTdT)ω = −c˜pω , and we have δTδTω = 0.
Let us now consider a case when we have two generalized Killing spinors ψ1 and ψ2,
∇TXψ1 − λ1X♭ψ1 = 0 , ∇TXψ2 − λ2X♭ψ2 = 0 , (A.15)
and construct a p-form (p = 1, . . . , n)
ωp = (ψ1, e
a1...apψ2)ea1...ap . (A.16)
Then, by using
X♭ ∧ ωp= 1
p+ 1
(ψ1,X−| ∧ ea1...ap+1ψ2)ea1...ap+1 ,
X−| ωp=p(ψ1,X
♭ ∧ ea1...ap−1ψ2)ea1...ap−1 ,
and with the definition k+ ≡ λ¯1 + (−1)pλ2 , k− ≡ λ¯1 − (−1)pλ2 , we easily find that
∇TXωp =
k+
p+ 1
X−| ωp+1 + pk−X
♭ ∧ ωp−1 . (A.17)
This means that ωp is a GCKY p-form and moreover one has
dTωp = k+ωp+1 , δ
Tωp = −p(n− p+ 1)k−ωp−1 . (A.18)
Taking a torsion derivative of these expressions while applying (A.17) we obtain
∇TX(dTωp)=
k+k−
p+ 2
X−| ωp+2 + k
2
+(p+ 1)X
♭ ∧ ωp , (A.19)
∇TX(δTωp)=−(n− p+ 1)k2−X−| ωp − p(p− 1)(n − p+ 1)k+k−X♭ ∧ ωp . (A.20)
Obviously, when k− = 0 (which happens for example for p odd and λ1 = λ2 = λ ∈ Im),
ωp is a special Killing–Yano p-form with torsion, whereas when k+ = 0, we have a special
dT-closed GCKY p-form. This allows us to formulate the following lemma, extending so
the results of Cariglia [46]:
Lemma A.2 Let ψ be a generalized Killing spinor with purely imaginary λ, λ ∈ Im. Then
the above defined ωp is a special Killing–Yano with torsion (d
T-closed GCKY) p-form for
p odd (even). Moreover, dTω2l+1 = −2λω2l+2 and δTω = 4λ(l + 1)(n − 2l − 1)ω2l+1 .
A similar result (but with the words odd and even interchanged) is valid for λ ∈ R.
– 29 –
B Bismut connection
Let us consider a spacetime (M,g) admitting a PKY tensor h with torsion. With respect
to the canonical frame {ea} the commutation relations are given by (3.21)–(3.24) in even
dimensions and (4.12)–(4.17) in odd dimensions,
[eµ, eν ] =− xν
√
Qν
x2µ − x2ν
eµ −
xµ
√
Qµ
x2µ − x2ν
eν ,
[eµ, eµˆ] =Kµ eµ + Lµ eµˆ +
∑
ρ6=µ
Mµρ eρˆ + ε Jµ e0 ,
[eµ, eνˆ ] =−
xµ
√
Qµ
x2µ − x2ν
eνˆ ,
[eµˆ, eνˆ ] =0 ,
[eµ, e0] =−
√
Qµ
xµ
e0 ,
[eµˆ, e0] =0 , (B.1)
where we have used Lemma 2.1.
In the case of even dimensions, we introduce an almost complex structure
J(eµ) = −χµeµˆ , J(eµˆ) = 1
χµ
eµ , (B.2)
where χµ is an arbitrary function satisfying eν(χµ) = eνˆ(χµ) = 0 for ν 6= µ. Then the
complex tangent space can be decomposed as TCM = D ⊕ D where D and D are the
eigenspaces corresponding to the eigenvalues
√−1 and −√−1 respectively: D = Span{eµ+√−1χµ eµˆ ∣∣µ = 1, · · · , n} and D = Span{eµ − √−1χµ eµˆ ∣∣µ = 1, · · · , n}. We find that
the complex distribution D is integrable because [V,W ] ∈ D for any V , W ∈ D, which is
equivalent to vanishing of the Nijenhuis tensor
N(X,Y ) ≡ [J(X), J(Y )]− [X, Y ]− J([X, J(Y )])− J([J(X), Y ]) = 0 (B.3)
for all X,Y ∈ TM. Thus J is a complex structure. In particular, when we take χµ = ǫµ
with ǫµ = ±1, it is shown that the 2n-dimensional spacetime (M, g) admits 2n hermitian
complex structures:
(a) Jǫ = J
∣∣
χµ=ǫµ
is a complex structure for each ǫ = (ǫ1, · · · , ǫn) .
(b) g is a hermitian metric, i.e., g(X,Y ) = g(JǫX,JǫY ) .
It is known [37] that there exists a unique Hermitian connection ∇B with a skew-
symmetric torsion B, where a connection ∇B is called Hermitian if ∇Bg = 0, ∇BJ = 0.
Hence we have a 2-form ω(X,Y ) = g(X,J(Y )) such that ∇Bω = 0. This connection is
called the Bismut connection and the corresponding manifold (M, g, J, ω, B) is called a
Ka¨hler with torsion (KT) manifold. By using such a 2-form ω the torsion can be written
as
B(X,Y,Z) = −dω(J(X), J(Y ), J(Z)) . (B.4)
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In the present case, the Bismut torsion associated with Jǫ is explicitly given by
Bǫ =
n∑
µ=1
∑
ν 6=µ
(2ǫµǫνxν√Qν
x2µ − x2ν
−Mµν
)
eµ ∧ eµˆ ∧ eνˆ . (B.5)
The torsion T associated with the PKY tensor h, cf. (2.14), is different from the Bismut
torsion Bǫ. If we choose as χµ = xµ instead of χµ = ǫµ for all µ, then the complex structure
J¯ = J
∣∣
χµ=xµ
is naturally related to the torsion T as
T (X,Y,Z) = −dh(J¯(X), J¯ (Y ), J¯(Z)) , (B.6)
which gives a geometrical interpretation of (2.16).
In the case of odd dimensions, we find a Cauchy-Riemann (CR) structure. Indeed,
the complex distribution Dǫ, where Dǫ = Span{eµ + ǫµ
√−1 eµˆ |µ = 1, · · · , n} ⊂ TCM, is
integrable because [Z,W ] ∈ Dǫ for any Z,W ∈ Dǫ.
C Covariant derivatives
In this appendix, we gather covariant derivatives ∇Teaeb. These were calculated using
Lemma 3.1 in even dimensions and Lemma 4.1 in odd dimensions. Integrability conditions
of the PKY equation (3.16) and (4.8) have also been employed. As a results, ∇Teaeb are
determined in terms of the PKY eigenvalues xµ, unknown functions Qµ and Q0, and
derivatives of the associated 1-form κa
b defined by (3.9). We have the following results:
1. In even dimensions
∇Teµeµ =
∑
ρ6=µ
xρ
√
Qρ
x2µ − x2ρ
eρ − κµ
µ√
Qµ
eµ ,
∇Teµeν =−
xν
√
Qν
x2µ − x2ν
eµ (µ 6= ν) ,
∇Teµeµˆ =
∑
ρ6=µ
xµ
√
Qρ
x2µ − x2ρ
eρˆ +
κµ
µ√
Qµ
eµˆ ,
∇Teµeνˆ =−
xµ
√
Qν
x2µ − x2ν
eµˆ (µ 6= ν) ,
∇Teµˆeµ =
1√
Qµ
(∑
ρ6=µ
xµQρ
x2µ − x2ρ
− κµˆµ
)
eµˆ −
∑
ρ6=µ
xµ
√
Qρ
x2µ − x2ρ
eρˆ ,
∇Teµˆeν =−
xν
√
Qν
x2µ − x2ν
eµˆ +
(
xν
√
Qµ
x2µ − x2ν
− κµˆ
ν
√
Qν
)
eνˆ (µ 6= ν) ,
∇Teµˆeµˆ =−
1√
Qµ
(∑
ρ6=µ
xµQρ
x2µ − x2ρ
− κµˆµ
)
eµ +
∑
ρ6=µ
xρ
√
Qρ
x2µ − x2ρ
eρ ,
∇Teµˆeνˆ =
xµ
√
Qν
x2µ − x2ν
eµ −
(
xν
√
Qµ
x2µ − x2ν
− κµˆ
ν
√
Qν
)
eν (µ 6= ν) . (C.1)
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2. In odd dimensions
∇Teµeµ =
∑
ρ6=µ
xρ
√
Qρ
x2µ − x2ρ
eρ − κµ
µ√
Qµ
eµˆ ,
∇Teµeν =−
xν
√
Qν
x2µ − x2ν
eµ (µ 6= ν) ,
∇Teµeµˆ =
∑
ρ6=µ
xµ
√
Qρ
x2µ − x2ρ
eρˆ +
κµ
µ√
Qµ
eµˆ +
√
Q0
xµ
e0 ,
∇Teµeνˆ =−
xµ
√
Qν
x2µ − x2ν
eµˆ (µ 6= ν) ,
∇Teµˆeµ =
1√
Qµ
(∑
ρ6=µ
xµQρ
x2µ − x2ρ
+
Q0
xµ
− κµˆµ
)
eµˆ −
∑
ρ6=µ
xµ
√
Qρ
x2µ − x2ρ
eρˆ −
√
Q0
xµ
e0 ,
∇Teµˆeν =−
xν
√
Qν
x2µ − x2ν
eµˆ +
(
xν
√
Qµ
x2µ − x2ν
− κµˆ
ν
√
Qν
)
eνˆ (µ 6= ν) ,
∇Teµˆeµˆ =−
1√
Qµ
(∑
ρ6=µ
xµQρ
x2µ − x2ρ
+
Q0
xµ
− κµˆµ
)
eµ +
∑
ρ6=µ
xρ
√
Qρ
x2µ − x2ρ
eρ ,
∇Teµˆeνˆ =
xµ
√
Qν
x2µ − x2ν
eµ −
(
xν
√
Qµ
x2µ − x2ν
− κµˆ
ν
√
Qν
)
eν (µ 6= ν) ,
∇Teµe0 =−
√
Q0
xµ
eµˆ ,
∇Teµˆe0 =
√
Q0
xµ
eµ ,
∇Te0eµ =−
(√
Q0
xµ
+
κ0
µ√
Qµ
)
eµˆ +
√
Qµ
xµ
e0 ,
∇Te0eµˆ =
(√
Q0
xµ
+
κ0
µ√
Qµ
)
eµ ,
∇Te0e0 =−
∑
µ=1
√
Qµ
xµ
eµ . (C.2)
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